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a b s t r a c t

The mechanical behaviour of non-chiral and chiral single-walled carbon nanotubes under tensile and
bending loading conditions is investigated. For this purpose, three-dimensional finite element modelling
is used in order to evaluate the tensile and bending rigidities and, subsequently, the Young's moduli. It is
shown that the evolution of rigidity, tensile and bending, as a function of diameter can be described by a
unique function for non-chiral and chiral single-walled nanotubes, i.e. regardless of the index or angles of
chirality. A comprehensive study of the influence of the nanotube wall thickness and diameter on the
Young's modulus values is also carried out. It is established that the evolution of the Young's modulus as
a function of the inverse of the wall thickness follows a quasi-linear trend for nanotubes with diameters
larger than 1.085 nm. The current numerical simulation results are compared with data reported in the
literature. This work provides a benchmark in relation to ascertaining the mechanical properties of chiral
and non-chiral single-walled carbon nanotubes by nanoscale continuum models.

© 2015 Elsevier Ltd. All rights reserved.
1. Introduction

Carbon nanotubes (CNTs) are nanostructures attracting research
interest due to their extraordinary mechanical, optical, thermal and
electrical properties [1]. The CNTs outstanding physical properties
such as strength and lightness enable applications in numerous
different fields: chemistry, physics, engineering, materials science.
From the point of view of structural application, the high stiffness
together with low density indicates use of the CNTs as nanoscale
fibres for reinforcement of nanocomposite structures (see, for
example, [2e4]). This type of application of carbon nanotubes has
required the investigation of their mechanical properties, including
their deformation behaviour under different loading conditions.

There are two approaches commonly used to study the me-
chanical properties and deformation behaviour of CNTs: experi-
mental and computational. For single-walled and multi-walled
CNTs, methods for measuring Young's modulus based on in situ
atomic force microscopy (AFM) and transmission electron micro-
scopy (TEM) techniques have been established [5,6]. Although
. Sakharova).
various experimental studies have been carried out to evaluate the
mechanical properties of CNTs, there is inconsistency in the
experimental results reported in the literature, owing to the
complexity of the characterization of nanomaterials at the atomic
scale. The common point in the experimental studies is the evi-
dence of the unparallelled mechanical properties of CNTs. Con-
cerning the accuracy of the values of the CNTmechanical properties
that are determined, experimental studies still show a wide scatter
of their values. From this point of view, computer simulation for
predicting the mechanical properties of CNTs has been considered
as a powerful tool, due to the experimental difficulties.

The theoretical approaches for the modelling and character-
ization of the CNTs behaviour can be divided into three main cat-
egories: the atomistic approach, the continuum approach and the
nanoscale continuum approach. A comprehensive critical review
concerning the modelling of the mechanical behaviour of carbon
nanotubes has been undertaken by Rafiee and Moghadam [7].
Hereinafter, a brief assessment of main modelling methodologies is
carried out.

Atomistic modelling, used solely during the first years of theo-
retical studies on CNTs, calculates the positions of atoms based on
their interactive forces and boundary conditions (see, for example
[8]). Atomistic modelling comprises an ab initio approach [9] and
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Fig. 1. Schematic illustration of an unrolled hexagonal graphene sheet with definition
of chiral vector.
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molecular dynamics (MD) [10e14]. After this, other atomistic
modelling methods, such as tight-binding molecular dynamics
(TBMD) [15,16] were developed.

Generally, ab initiomethods givemore accurate results thanMD,
but they are computationally expensive and only possible to use for
a small number of molecules or atoms. Molecular dynamics can be
used in large systems and provide good predictions of CNT me-
chanical properties under different loading conditions, but it is still
limited owing to its being very time consuming, especially when
long or multi-walled CNTs are simulated. In recent years, the
atomistic approaches, due to their big computation cost, have been
gradually replaced by continuum approaches, which are at the
moment the most indicated for effective computational simulation
of large systems.

The basic assumption of the continuum mechanics-based
approach consists of the modelling of CNTs as a continuum struc-
ture, concerning the distribution of mass, stiffness, etc., i.e. the real
discrete structure of the nanotubes is neglected and replaced by a
continuum medium. Some authors have explored continuum shell
modelling for studying the mechanical behaviour of CNTs [17e20].
However, the atomic characteristics of carbon nanotubes, such as
chirality, are not taken into account in the continuous shell
approach, and so their effects on the mechanical behaviour of CNTs
cannot be captured. To overcome this obstacle, Chang proposed an
anisotropic shell model for SWCNTs [21] that can predict some
anisotropic effects related to chirality. Besides shell structures,
other continuum structures, such as tubes and plates, are employed
in continuum approaches. In the models of Sears and Batra [22],
and Gupta and Batra [23] the whole single-walled CNT structure
was simulated as an equivalent continuum tube. Wang [24]
employed the equivalent elastic plate model. Arash and Wang
[25] show the advantages of the continuum theory applied to the
modelling of shells and plates. However, whatever the type of the
continuummodelling approach, the replacement of the whole CNT
structure by a continuum element is not a completely satisfactory
method to evaluate CNT properties.

The nanoscale continuummodelling (NCM) consists of replacing
the carbonecarbon (CeC) bond by a continuum element. As a
result, continuummechanics theories can be used at the nanoscale,
i.e. a linkage between molecular configuration and solid mechanics
is recognized. NCM is frequently accomplished by finite element
modelling. The main approach in NCM consists of considering
different elements, such as rod, truss, spring and beam, well
described in elasticity theory, to simulate CeC bonds (see, for
example, [26e29]). The first NCMmodel of CNTs was developed by
Odegard et al. [26] and consisted of a continuum truss model. The
disadvantage of the truss model is the impossibility of describing
the CNT mechanical behaviour under torsional load, because the
out-of-plane torsion of the CeC bond cannot be taken into account.

Various FEM models where the CeC bonds are simulated using
diverse kinds of elastic spring element, such as linear, non-linear,
rotational, torsional, have been recently reported [30e37].
Although the use of spring elements is an effective way for simu-
lation of the bond angle variations, the accuracy of the Young's
modulus results depends on the choice of the potential function for
the calculation of the force constants.

Since Li and Chou [27] linked the interatomic potential energies
to the strain energies of an equivalent beam element and estab-
lished a direct relationship between sectional stiffness parameters
and the force field constants, equivalent beam approaches have
been successfully used to simulate the mechanical behaviour of
CNT, although with different formulations of the inter-atomic
molecular potential energies and boundary conditions
[28,38e43]. The FE models, which employed beam elements in a
three-dimensional (3D) space, developed by Tserpes and Papanikos
[26], Papanikos et al. [38] and Avila and Lacerda [39] differ from
each other mainly due to the boundary conditions and the method
for the Young's modulus calculation. The recent 3D FE model of Lu
and Hu [42] used the same formulation for potential energy of
covalent system, but considering an elliptical cross-section area of
equivalent beam. In another analytical approach developed by
Shokrieh and Rafiee [40], the deformations of beam elements were
obtained using Castigliano's theorem. In the works of Her [41] and
Mohammadpour [43] themodifiedMorse potential function for the
potential energy of the covalent system used to describe non-linear
behaviour of CeC bonds was applied. It can be concluded from
these studies that nanoscale continuum modelling (NCM) is an
adequate modelling technique for predicting CNT mechanical
properties and shows results in close agreement with those ob-
tained from MD modelling.

In the present study, the equivalent beam approach is used in
order to evaluate the tensile and bending rigidities and, subse-
quently, Young's modulus of various single-walled carbon nano-
tubes (SWCNT) structures, as non-chiral (zigzag, q ¼ 0�, and
armchair, q¼ 30�) and families of chiral (q¼ 8.9�;13.9�;19.1� among
others) SWCNTs for a wide range of chiral indices, nanotube
length and diameter. A comprehensive study of the influence
of the nanotube wall thickness and diameter on the Young's
modulus results was carried out. Moreover, the present work pro-
vides a benchmark in relation to ascertaining the mechanical
properties of chiral and non-chiral SWCNTs by nanoscale contin-
uum models.

2. Materials and methods

2.1. Atomic structure of SWCNTs

A simple way to describe an SWCNT is as a rolled-up graphene
sheet giving rise to a hollow cylinder, the surface of which is
composed of hexagonal carbon rings (see, for example [44,45]). The
hexagonal pattern is repeated periodically, leading to binding of
each carbon atom to three neighbouring atoms by covalent bonds.
A schematic illustration of an unrolled hexagonal graphene sheet is
shown in Fig. 1. The symmetry of the atomic structure of SWCNTs is
characterized by the chirality, which is defined by the chiral
vector Ch:
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Ch ¼ na1 þma2 (1)
where (n,m) is a pair of the lattice translation indices a1 and a2, the
unit vectors of the hexagonal lattice, n and m are integers.

The length of the unit vector a is defined as a ¼
ffiffiffi
3

p
aC�C with the

equilibrium carbonecarbon (CeC) covalent bond length aCeC usu-
ally taken to be 0.1421 nm. The nanotube circumference, Lc, and
diameter, Dn are defined as:

Lc ¼ jChj ¼ a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ nmþm2

p
(2)

Dn ¼ Lc
p

(3)

The chiral angle, q, is the angle between the chiral vector Ch and
the direction (n, 0). The chiral angle, q, is given by Ref. [44]:

q ¼ sin�1
ffiffiffi
3

p
m

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 þ nmþm2

p (4)

Three main symmetry groups of SWCNTs exist. When n¼m, the
structure (n, n) is called the armchair configuration; when m¼ 0,
the structure (n, 0) is called zigzag; when n s m, the structure (n,
m) is called chiral. These three major categories of SWCNTs can also
be defined based on the chiral angle, q. For the two limiting chiral
angles of 0� and 30�, the nanotubes are referred to as armchair and
zigzag, respectively. For q different from 0� and 30�, the nanotubes
are designated as chiral [46].
2.2. FE modelling of SWCNTs

The displacement of individual carbon atoms in CNT under
external forces is constrained by the covalent bonds. Therefore, the
overall deformation of the CNT is the result of the interactions
between bonds. Since the CeC bonds can be considered as load-
carrying elements, and the carbon atoms as joints of connecting
elements, it is possible to simulate CNTs as space-frame structures
[27,28] and analyze their mechanical behaviour using classical
structural mechanics methods.

In the present work, the 3D FEmodel, which is able to assess the
mechanical properties of SWCNTs, proposed in Ref. [28], was
adopted. Thus, characterization of the rigidities of SWCNTs is per-
formed based on the equivalent continuum modelling (ECM)
approach, where the equivalent beam elements replace the CeC
bonds. This approach is based on the premise that the mechanical
behaviour of CNTs and elastic beams is identical.

The FE meshes of the carbon nanotube structures used in the
finite element analyses were constructed using the academic
software CoNTub 1.0 [47], which permits building the CNT struc-
tures. This code generates ASCII files, describing atom positions,
which can be entered as input in available commercial and in-
house FEA codes, in order to perform the simulation of mechani-
cal tests. To convert the ASCII files, obtained using the CoNTub 1.0
program, into the format usable by the commercial FEA code
ABAQUS®, the in-house application designated InterfaceNanotubes
was developed. The FE model uses the coordinates of the carbon
atoms for generating the nodes and then the suitable connection of
the nodes creates the beam elements. The FE simulation uses the
analogy between the bond length, aCeC, and the element length L
and between the nanotube wall thickness and the element thick-
ness. Assuming the beam element has a circular cross-section area,
the wall thickness corresponds to the element diameter.

In the present work, chiral and non-chiral SWCNTs were simu-
lated over a wide range of chiral indices, nanotube lengths and
diameters. The FE model takes into account the chirality of the
SWCNTs, and so is able to consider their anisotropic behaviour due
to chirality. The geometrical characteristics of SWCNTs used for the
FE analyses are summarized in Table 1, where the number of nodes
and elements of the finite element meshes of the SWCNTs is also
indicated for a nanotube with a length of 20 nm. The choice of
SWCNT geometrical characteristics was made taking into account
real nanotube sizes: for example, the (4, 2) chiral nanotube is the
smallest diameter nanotube ever synthesized [48].

Knowledge of the exact dimensions of CNTs at the equilibrium
state is still a challenge for research. Unlike the CeC bond length
aCeC, for which the experimentally observed value of 0.1421 nm is
accepted as the exact value, thewall thickness of CNT, t, is not clearly
specified in the literature. Since in the present study the SWCNTs are
modelled as space-frame structures, the wall thickness, t, should be
identified in a continuum sense. Although a few theoretical reports
have provided values for nanotube wall thickness that range from
0.064 [18] to 0.69 nm [26], the most widely used value of 0.34 nm
(equal to the interlayer spacing of graphite) is adopted for the
SWCNT wall thickness, t, in order to enable comparison of the cur-
rent results with those available in the literature. Nevertheless,
taking in account the ambiguity of the value of CNTwall thickness in
the literature, a parametric study of the effect of the wall thickness
value on the calculation of SWCNT Young'smoduluswas performed.
2.3. FE analysis of SWCNTs

2.3.1. Structural mechanics of SWCNTs
As was originally proposed by Odegard et al. [26], and then

developed by Li and Chou [27], the elastic moduli of the beam el-
ements are determined by establishing the link between inter-
atomic potential energies of the molecular structure and strain
energies of the equivalent continuum structure comprising of
frame members (beams) undergoing axial and bending de-
formations. From a molecular point of view, the CNTs can be
envisaged as largemolecules composed of carbon atoms. The force-
field is expressed in the form of the total potential energy, which is
uniquely defined by the relative positions of the nuclei composing
the molecule. According to molecular dynamics, the total empirical
inter-atomic potential energy of a molecular system is expressed as
a sum of the individual energy terms due to bonded and non-
bonded interactions [49]:

Utot ¼
X

Ur þ
X

Uq þ
X

Uf þ
X

Uu þ
X

Uvdw (5)

where Ur, Uq, Uf, Uu are energies associated with bond stretching,
bending (bond angle variation), dihedral angle torsion, out-of plane
torsion, respectively, and Uvdw is the energy associated with non-
bonded van der Waals interaction.

Generally, in covalent system, non-bonded interactions are
negligible in comparison with bonded ones, and the main contri-
bution to the total potential energy is from the first four terms of Eq.
(5). The contributions of dihedral angle torsion and out-of plane
torsion to total inter-atomic potential energy are insignificant,
compared with contributions of other bonded interactions, and the
main contribution to the inter-atomic potential energy is due to
bond stretching. Consequently, under the assumption of small
deformation, the total inter-atomic potential energy can be
approximated by Ref. [50]:

Ur ¼ 1
2
krðDrÞ2 (6)

Uq ¼ 1
2
kqðDqÞ2 (7)



Table 1
Geometrical characteristics of SWCNTs studied and number of nodes and elements of the finite element meshes used (nanotube length 20 nm).

SWCNT type (n, m) Dn, nm q� Number of nodes Number of
elements

Non-chiral Armchiar (3, 3) 0.407 30 972 1448
(5, 5) 0.678 1620 2414
(6, 6) 0.814 1944 2897
(8, 8) 1.085 2592 3863
(9, 9) 1.221 2916 4346
(10, 10) 1.356 3240 4829
(12, 12) 1.628 3888 5795
(15, 15) 2.034 4860 7244
(20, 20) 2.713 6840 9659

Zigzag (3, 0) 0.235 0 558 830
(5, 0) 0.392 930 1384
(10, 0) 0.783 1860 2769
(12, 0) 0.940 2232 3323
(15, 0) 1.175 2790 4154
(18, 0) 1.409 3348 4985
(20, 0) 1.566 3720 5539
(24, 0) 1.879 4464 6647

Chiral Family q 8.9 (5, 1) 0.436 8.9 1044 1554
(10, 2) 0.872 2088 3109
(15, 3) 1.308 3132 4664
(20, 4) 1.744 4176 6219
(25, 5) 2.180 5220 7774
(30, 6) 2.616 6264 9329

Family q 13.9 (6, 2) 0.565 13.9 1352 2013
(9, 3) 0.847 2028 3020
(12, 4) 1.129 2740 4027
(15, 5) 1.412 3380 5034
(18, 6) 1.694 4056 6041
(21, 7) 1.976 4732 7048
(24, 8) 2.259 5408 8055
(27, 9) 2.541 6084 9062

Family q 19.1 (4, 2) 0.414 19.1 992 1477
(6, 3) 0.622 1488 2216
(8, 4) 0.829 1984 2955
(10, 5) 1.036 2840 3694
(12, 6) 1.243 2976 4433
(14, 7) 1.450 3472 5172
(16, 8) 1.657 3968 5911
(18, 9) 1.865 4464 6650
(20, 10) 2.072 4960 7389
(22, 11) 2.279 5456 8128
(24, 12) 2.486 5952 8867

n þ m 12 (7, 5) 0.818 24.5 1960 2920
(11, 1) 0.903 4.3 2167 3222

18 (16, 2) 1.338 5.8 3208 4777
(14, 4) 1.282 12.2 3072 4575
(13, 5) 1.260 15.6 3020 4498
(11, 7) 1.231 22.7 2950 4395
(10, 8) 1.223 26.3 2932 4369

24 (22, 2) 1.806 4.3 4328 6445
(19, 5) 1.717 11.4 4116 6130
(17, 7) 1.674 16.5 4012 5976
(15, 9) 1.644 21.8 3942 5873
(14, 10) 1.635 24.5 3920 5841
(13, 11) 1.629 27.2 3906 5821
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where kr, kq, are the bond stretching and bond bending force con-
stants, respectively, and Dr and Dq are the respective bond
stretching and bond angle variation increments.

The interatomic potential energy of the molecular structure
comprises bond stretching and angle variation. Thus, the structural
member for substituting the CeC bond has to be able to capture
both axial and bending deformations. The beam is identified by the
cross sectional area, elastic modulus, moment of inertia and length.

Relationships between the sectional stiffness parameters in
structural mechanics and force field constants in molecular dy-
namics are required for the determination of the elastic modulus of
beam elements. Thus, the elastic moduli can be determined by
establishing the equivalence between the energies associated with
the interatomic interactions (through Eqs. (6) and (7)) and with the
deformation of the structural elements (i.e. beams) of the space-
frame structure.

Classical mechanics gives the following expression for the strain
energy of a uniform beam of length, l, and cross-section area, Ab,
under a pure axial force, N:

UA ¼ 1
2

ZL
0

N2

EbAb
dl ¼ 1

2
N2 l
EbAb

¼ 1
2
EbAb

l
ðDlÞ2 (8)

where Dl is the axial stretching deformation, and Eb is the Young's
modulus of the beam.



Table 2
Input parameters for FE simulations of SWCNTs.

Parameter Value Formulation

CeC bond/beam length (l¼ aCeC) 0.1421 nm e

Diameter (d) 0.147 nm d ¼ 4
ffiffiffiffiffiffiffiffiffiffiffiffi
kq=kr

p
Cross section area, Ab 0.01688 nm2 Ab ¼ pd2=4
Moment of inertia, Ib 2.269 � 10�5 nm4 Ib ¼ pd4=64
Young's modulus, Eb 5488 GPa Eb ¼ k2r l=4pkq
Rigidity, EbAb 92.65 nN EbAb ¼ krl
Rigidity, EbIb 0.1245 nN nm2 EbIb ¼ kql
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The strain energy of a uniform beam, with moment of inertia, Ib,
under a pure bendingmoment,M, according to classical mechanics,
is expressed as:

UM ¼ 1
2

ZL
0

M2

EbIb
dl ¼ 1

2
EbIb
l

ð2aÞ2 (9)

where a is the rotational angle at the ends of the beam.
The parameters Ur and UA are stretching energies in molecular

and structural systems, respectively, and Uq and UM represent the
corresponding bending energies. Comparing Eqs. (6) and (7) with
Eqs. (8) and (9), and assuming the equivalences of the rotational
angle, 2a, with the total variation of the bond angle, Dq, and of Dl
with Dr, direct relationships can be established between the
structural mechanics parameters, EbAb, EbIb, and the force field
constants, kr, kq, [27]:

EbAb

l
¼ kr ; (10)

EbIb
l

¼ kq; (11)

where l is the bond length generally considered equal to 0.1421 nm.
Consequently, Eqs. (10) and (11) establish the basis for application
of continuum mechanics to the analysis of the mechanical behav-
iour of CNTs. In order to determine the rigidities of beam elements,
the relationships between the sectional stiffness parameters and
force-field constants need to be clarified. In the approach of Li and
Chou [27], a solid circular cross-sectional area of the beams with
diameter d is assumed and so the geometrical parameters Ab and Ib
are as follows:

Ab ¼ pd2

4
(12)

Ib ¼ pd4

64
(13)

Assuming these settings, Eqs. (10) and (11) become,
respectively:

d ¼ 4

ffiffiffiffiffi
kq
kr

s
(14)

Eb ¼ k2r l
4pkq

(15)

Eqs. (14) and (15) allow determining the necessary input pa-
rameters for the beam elements. In this study, the bond stretching
and bond bending force constants used [51] are:

kr ¼ 6:52� 10�7 N=nm

kq ¼ 8:76� 10�10 N nm rad�2

Then, substituting these values in Eqs. (14) and (15) and setting
l¼ aCeC¼ 0.1421 nm, the input parameters for the FE model are
obtained. The geometrical and material parameters and values
necessary for the finite element simulation of SWCNTs are sum-
marized in Table 2.
2.3.2. Loading conditions
Numerical simulation of conventional mechanical tension and

bending tests was carried out in order to study the effect of
nanotube length and diameter on their mechanical properties,
focussing on the tensile and bending rigidities. The FE analysis was
performed using the commercial FE code ABAQUS®.

In order to simulate the mechanical behaviour of SWCNT in
tension, an axial force, Fx, is applied at one nanotube end, leaving
the other end fixed. The tensile rigidity of the nanotube, EA, is
determined as:

EA ¼ FxL
ux

(16)

where L is the nanotube length and ux is an axial displacement
taken from the FE analysis.

Likewise, for simulating bending, a transverse force, Fy, is
applied at one extremity of the nanotube, leaving the other fixed.
The bending rigidity of the nanotube, EI, is determined as:

EI ¼ FyL3

3uy
(17)

where uy is a transverse displacement taken from the FE
analysis.

2.3.3. Evaluation of the Young's modulus of SWCNTs
The nanotube rigidities, EA and EI, are required for the evalua-

tion of the SWCNT Young's modulus, E. Considering a hollow cy-
lindrical profile for the equivalent beam, i.e. a geometry similar to
the CNT, the cross-sectional area of the equivalent hollow cylinder
and moment of inertia can be written as:

A ¼ p

4

h
ðDþ tÞ2 � ðD� tÞ2

i
¼ pDt (18)

I ¼ p

64

h
ðDþ tÞ4 � ðD� tÞ4

i
(19)

where D and t are the mean diameter and the thickness of the
equivalent hollow cylinder, respectively.

Assuming t¼ tn (where tn is the nanotube wall thickness), the
expression for D can be derived from Eqs. (18) and (19):

EI
EA

¼ 1
8

�
D2 þ t2n

�
0

D ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8
�
EI
EA

�
� t2n

s
(20)

Thus, the Young's modulus of the SWCNT can be calculated us-
ing the following expression, taking into account the rigidities in
tension and bending:



N.A. Sakharova et al. / Composites Part B 75 (2015) 73e8578
E ¼ EA
A

¼ EAffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi� �s (21)
Fig. 2. Evolution of the tensile, EA, and bending, EI, rigidities with nanotube length, L,
for (a) armchair (10, 10), (b) zigzag (10, 0) and (c) chiral (10, 2) SWCNTs.
ptn 8 EI
EA � t2n

3. Results and discussion

3.1. Rigidities of SWCNTs

3.1.1. Effect of the SWCNT's length on the tensile and bending
rigidities

The common length of carbon nanotubes currently produced is
in the order of 1 mm, their diameter being in the range 0.5e3 nm.
Consequently, the modelling of CNT with their real length leads to
high computing costs. As is known from previous studies [38], the
modelling of real nanotube length is not crucial because of its
length-independent mechanical behaviour, with the exception of
very small lengths. A study for estimating the minimum length
abovewhich the values of the tensile and bending rigidities become
stable was performed in order to make a selection of the minimum
modelling length of the CNTs.

Examples of the evolution of tensile, EA, and bending, EI, rigid-
ities with nanotube length are shown in Fig. 2, for the cases of
armchair (10, 10), zigzag (10, 0) and chiral of the family q¼ 8.9�

SWCNTs. The tensile, EA, and bending, EI, rigidities stabilize from a
certain value of the nanotube length, which is always less than
20 nm, whatever the SWCNT type, chiral or non-chiral, the chiral
angle and nanotube diameter. The tensile and bending rigidities are
almost constant, with increasing EA and decreasing EI for small
nanotube lengths. A similar evolution of the tensile and bending
rigidities was observed for non-chiral SWCNTs by Papanikos et al.
[38], who justify the evolution of the rigidities observed for small
nanotube lengths by the small ratio between the nanotube length
and its diameter.

Taking into account the fact that the CNTs currently synthesized
have relatively high length to diameter ratio, numerical simulation
of the mechanical behaviour of nanotubes with a small length to
diameter ratio is not needed. For this reason, in the following,
20 nm was chosen as modelling length for numerical simulation.

3.1.2. Effect of the chiral indices and chiral angles on the rigidities of
SWCNTs

The stabilized values of both the tensile and bending rigidities
(i.e. determined for L ¼ 20 nm) were used for evaluation of the
effect of the SWCNT chiral indices, n and m, and chiral angle, q, on
their mechanical properties. The evolutions of the tensile, EA, and
bending, EI, rigidities as a function of the chiral indices, n, for
armchair and zigzag nanotubes, and as a function of the sum of
chiral indices, (n þm), for chiral nanotubes, are shown in Fig 3. The
evolutions of the tensile and bending rigidities, for armchair, zigzag
and chiral SWCNTs, are related to the chiral indices as follows: the
tensile rigidity, EA, increases quasi-linearly with the chiral indices
and the bending rigidity, EI, increases with the chiral indices ac-
cording to a cubic power expression. The EA evolutions can be
separated for armchair, zigzag and chiral SWCNTs. The same is true
for EI evolutions. In order to analyze the evolution of tensile and
bending rigidities with chiral angle, q, SWCNTs with the same sum
of chiral indices (nþm) were considered. Fig. 4 shows that the
values of both rigidities, EA and EI, for the three families (n þ m)
studied, decrease from the rigidity values obtained for zigzag
SWCNTs (q ¼ 0�), with a rate that becomes smaller as q increases.

In order to clarify the trends shown in Fig. 3, the values of the
rigidities as a function of the SWCNT diameter, Dn, are plotted in
Fig. 5. It can be seen that the evolution of the tensile rigidity, EA, can
be unified for all SWCNTs studied, and the same is true for the
bending rigidity, EI. The quasi-linear trend for the case of tensile
rigidity, EA, and close to a cubic power trend for the case of bending
rigidity, EI, can be expressed as follows:

EA ¼ aðDn � D0Þ (22)

EI ¼ bðDn � D0Þ3 (23)

These equations are of the same type as those previously pro-
posed for non-chiral SWCNTs [38], but replacing the chiral index, n



Fig. 5. Evolution of the tensile, EA, and bending, EI, rigidities as a function of the
nanotube diameter, Dn for armchair, zigzag and three families q ¼ 8.9, 13.9, 19.1�.

Fig. 3. Evolution of the tensile, EA, and bending, EI, rigidities of SWCNTs for armchair
and zigzag, as a function of the chiral indices, n; and as a function of the sum of chiral
indices, (nþm), for three families q ¼ 8.9, 13.9, 19.1�.
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by the SWCNT diameter, Dn. In this study [38], the evolutions of EA
as a function of n can be separated for armchair and zigzag nano-
tubes; the same is valid for EI evolutions. The fitting parameters a, b
and D0 obtained in the current work, and those calculated based on
the results of previous works ([38] and [52]) are given in Table 3.
Fig. 6 (a) and (b) shows the values of EA and EI as a function of
(Dn�D0) and (Dn�D0)3, respectively; the fitting lines from Eqs (22)
and (23) are also shown.

Eqs. (22) and (23) allow unifying the behaviour of the SWCNTs
regarding the evolution of rigidity with nanotube diameter and
permit accurate determination of the rigidity values for chiral and
non-chiral SWCNTs. The mean difference between the values of EA,
obtained from Eq. (22), and the values obtained directly from FE
analysis, is 0.65% for armchair, 0.56% for zigzag and 0.25% for chiral
SWCNTs. The mean differences between the values of EI estimated
by Eq. (23) and those obtained from FE analysis are 1.29% for
armchair, 2.54% for zigzag and 0.66% for chiral SWCNTs. It is
therefore possible to conclude that Eqs. (22) and (23) allow
Fig. 4. Evolution of the tensile, EA, and bending, EI, rigidities as a function of the chiral
angle, q for three families of SWCNTs with (nþm) ¼ 12, 18, 24.
calculation, with sufficient accuracy, of the values of the tensile
rigidity, EA, and bending rigidity, EI, whatever the type of SWCNT
configuration in the range of nanotube diameters studied in the
current work. Also, Eqs (22) and (23) permit fast assessment of the
Young's modulus of any type of SWCNT, as shown in the next
section.
3.2. Young's modulus of single-walled nanotubes

Eqs. (22) and (23) for the tensile and bending rigidities enable
writing Eq. (21) as follows:

E ¼ EA
A

¼ aðDn � D0Þ
ptn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8 bðDn�D0Þ2

a
� t2n

q (24)

This equation allows determination of the Young's modulus of
any type of SWCNT, knowing the parameters of Table 3 and the wall
thickness, tn.
3.2.1. Effect of the wall thickness on the calculation of the Young's
modulus

Eqs. (21) and (24) show that the choice of the value of the wall
thickness of the nanotubes has a direct impact on the calculation of
the SWCNT Young's modulus. The scatter of the wall thickness
value from 0.066 to 0.69 nm reported in the literature demon-
strates the need to study the effect of the value considered on the
Young's modulus, in order to discuss the FE results of the Young's
modulus and enable comparison with the results reported in the
literature.
Table 3
Fitting parameters a, b and D0.

Parameter Current studya Papanikos et al. [38] b Chang&Gao [52] b

a (nN nm�1) 1131.66 1128.15 1141.3
b (nN nm�1) 143.48 142.54 e

D0 (nm) 2.8$10�7 0 e

a Includes armchair, zigzag and all types of chiral SWCNT studied.
b Includes armchair and zigzag SWCNT.



Fig. 6. Evolution of: (a) the tensile, EA, rigidity as a function of (Dn�D0) and (b)
bending, EI, rigidity as a function of (Dn� D0)3. The results are represented by symbols
and fitting trends by lines.
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First, SWCNTs with different diameters were studied. Fig. 7
shows the Young's modulus determined by Eq. (24) as a function
of the inverse of the nanotube wall thickness (for the range of tn
values 0.06e0.69 nm), for the cases of the diameters of armchair
SWCNTs shown in Table 1. The evolution of the Young's modulus as
a function of the inverse of the wall thickness follows a quasi-linear
trend over the whole range of thicknesses, for nanotubes with
diameter Dna1:085 nm. Such a linear trend was also reported by
Tserpes and Papanikos [28] and Avila and Lacerda [39], although
Fig. 7. Evolution of armchair SWCNTs Young's modulus with the inverse of the wall
thickness for different nanotube diameters, according to Eq. (24).
only in one case of SWCNTs (8, 8) (diameter Dn¼ 1.085 nm). It is
worth to notice that quasi-linear trends obtained here for different
SWCNT diameters are nearly independent of Dn. This means that
the SWCNTs Young's modulus behaviour as a function of nanotube
diameter can be described by a single quasi-linear trend, for
Dna1:085 nm.

For the case of small nanotube diameters, Dn(1:085 nm, the
deviation from the quasi-linear trend is pronounced for smaller
values of 1/tn, particularly when the nanotube wall thickness ap-
proximates to half of its diameter. The smaller the SWCNT diameter,
the bigger is the deviation from the quasi-linear trend. For these
cases, the SWCNT behaves as a solid cylinder, instead of a hollow
tube, which influences the Young's modulus results. As long as the
SWCNTwall thickness is equal to a half or less than its diameter, the
Young's modulus becomes a quasi-linear function of the nanotube
wall thickness. This is an interesting result, so far not reported in
the literature to our knowledge, which allows unifying the elastic
behaviour of CNTs, whatever their diameter or chirality.

Data from three main distinct modelling approaches eatomistic
modelling, continuum modelling (CM) and nanoscale continuum
mechanics modelling (NCM) e were chosen for comparison pur-
poses. Seven studies, representing the atomistic approach, were
considered: the ab initio approach of Kudin [9], the MD approaches
of Yakobson [10], Zhang et al. [12], Cheng et al. [13] and Liew et al.
[14], the TBMD models of Hernandez et al. [15] and Zhou [16]. Four
cases of studies concerning the continuum mechanics approach
reported in Refs. [18,20,22,23] were also considered. The remaining
results were selected from the models developed employing the
NCM approach: the equivalent truss model of Odegard et al. [26],
six models, employing diverse kinds of spring elements: Meo and
Rossi [30], Giannopoulos et al. [31], Mahmoudinezhad et al. [34],
Natsuki et al. [35], Rafiee and Hendarhaei [36] and Parvaneh and
Shariati [37], and seven models using beam elements: Papanikos
et al. [38], Avila and Lacerda [39], Shokrieh and Rafiee [40], Her and
Liu [41], Lu and Hu [42], Mohhamadpour and Awang [43].

Table 4 summarizes the results of the Young's modulus from the
literature and the current results obtained from Eq. (24). The
Young's modulus values were obtained for nanotube wall thick-
nesses, tn, between 0.066 and 0.69 nm and are in the range
0.613e5.516 TPa. In order to facilitate comparison, the results given
in Table 4 are plotted in Fig. 8. Fig. 8 shows that, for different wall
thicknesses, the Young's modulus values obtained from Eq. (24)
follow the trend of the Young's modulus reported in the litera-
ture, for a considerable number of approaches.

The current Young's modulus results are in particularly good
agreement with those obtained in the studies basing on molecular
dynamic modelling methods. The largest difference of 12.22%,
observed with the TBMD model reported by Hernandez et al. [15],
can be due to the fact that, in their work, the strain energy was
calculated without taking the chiral angle into account. The dif-
ference of 6.90% in relation to the MD model of Liew et al. [14] can
be due to the fact that empirical potentials were used by them.
Empirical potentials are frequently not transferable to configura-
tions different from those for which they were obtained. The
smallest difference of 0.29% is found for the Young's modulus
calculation performed with the MD model by Yakobson et al. [10],
where non-linear behaviour of CNTs was considered, allowing
correct identification of the strain energies.

Less good agreement is foundwhen the Young's modulus results
from the current study are compared with results from the CM
models. The biggest difference (49.14%) is found with the Young's
modulus results predicted by the analytical shell model of Kalam-
karov et al. [20]. Comparisonwith themodel reported by Gupta and
Batra [23] shows a difference of 13.44%; this difference can be due
to the fact that, in their work, the Young's modulus was evaluated



Table 4
Effect of the nanotube wall thickness on the Young's modulus results: comparison between the current results (Eq. (24)) and those reported in the literature.

Reference tn, nm Method E, TPa E, TPa (10, 10);
Dn ¼ 1.356 nm

Yakobson et al. [10] 0.066 Atomistic
modelling

MD 5.5 Average value 5.425
Zhou et al. [16] 0.074 TB model 5.1 Average value 4.840
Kudin et al. [9] 0.089 ab initio 3.859 Average value 4.027
Zhang et al. [12] 0.335 MD; Tersoff-Brenner potential 1.08 Converged value for zigzag SWCNTs 1.101
Liew et al. [14] 0.335 MD: empirical potentials 1.043 (10, 10) SWCNT 1.101
Hernandez et al. [15] 0.34 TBMD 1.24 (10, 10) SWCNT 1.086
Cheng et al. [13] 0.34 MD coupled with NCM 1.2 Converged value for armchair SWCNTs 1.086
Pantano et al. [18] 0.075 CM FE continuum shell model 4.84 Average value 4.776
Kalamkarov et al. [20] 0.129 Analytical model: cylindrical network

shell
1.44 e 2.785

Sears and Batra [22] 0.134 Equivalent continuum tube 2.52 (16, 0) SWCNT 2.682
Gupta and Batra [23] 0.34 Equivalent continuum tube 0.964 Average value for non-chiral and chiral

SWCNTs
1.086

Odegard et al. [26] 0.69 NCM Equivalent continuum modelling: truss
elements

0.49 e 0.601

Meo and Rossi [30] 0.34 FE model: non-linear springs and linear
torsional spring elements

0.926 (10, 10) SWCNT 1.086

Giannopoulos et al. [31] 0.34 3D FE model: linear spring elements 1.247 Average value 1.086
Mahmoudinezhad et al. [34] 0.34 3D FE model: rotational spring

elements
0.85 Converged value for armchair SWCNTs 1.086

Natsuki et al. [35] 0.34 Analytical 2D model: spring elements 0.61 Average value 1.086
Rafiee and Heidarhaei [36] 0.34 FE model: non-linear spring elements 1.325 Converged value for non-chiral

SWCNTs
1.086

Parvaneh and Shariati [37] 0.34 Structural mechanics model: springs
and non-linear connectors

1.170 (22, 0) SWCNT 1.086

Tserpes and Papanikos [28] 0.147 3D FE model: linear elastic beam
elements

2.377 (8, 8) SWCNT 2.447

Papanikos et al. [38] 0.34 3D FE model: linear elastic beam
elements

1.072 Converged average value 1.086

Avila and Lacerda [39] 0.34 3D FE model: elastic beam elements;
RVE concept

1.005 Average value 1.086

Shokrieh and Rafiee [40] 0.33 Analytical model: beam elements 1.042 Converged value for armchair SWCNTS 1.117
Her and Liu [41] 0.34 FE model: nonlinear beam elements;

Morse potential
0.927 (10, 10) SWCNT 1.086

Lu and Hu [42] 0.34 3D FE model: beam elements of
elliptical-like cross section area; non-
linear potential

1.058 Converged value for zigzag SWCNTs 1.086

Mohammadpour and
Awang [43]

0.147 FE model: nonlinear beam elements;
Morse potential

2.037 (10, 10) SWCNT 2.447

Current work 0.34 3D FE model: linear elastic beam
elements

1.078 Converged average value 1.086
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by using free vibration simulations. Only the shell continuum
model implemented in the work of Pantano et al. [18], shows a
small difference (0.33%).

The nanoscale continuum models, employing string elements
for CeC bond simulation, showa considerable scatter of the Young's
modulus results, due to the values of the spring constants and the
spring type selection. Differences with the current Young's
modulus calculations are 12.92% (for the Giannopoulos et al. model
[31] with linear spring elements) and 44.79% (for the analytical 2D
model of Natsuki et al. [35]). The use of the 2D model by Natsuki
et al. can explain the highest difference obtained. The model of
Parvaneh and Shariati [37] provides the smallest difference of
6.24%.

The Young's modulus values evaluated in the current study
show a 19.02% difference with the results of the truss model of
Odegard et al. [26]. The models using the equivalent beam
approach provided the smallest differences in relation to the cur-
rent results. The difference of 9.04% observed with respect to the
model of Avila and Lacerda [39] can be due to the representative
volume element (RVE) concept applied in their work. The use of the
RVE implies the numerical simulation of small length SWCNTs,
which can affect the Young's modulus calculations. The highest
difference observed with the ECM approach is of about 17%, re-
ported in Refs. [41,43], where a modified Morse potential function
was applied to the potential energy representation.
In order to simplify comparison with the literature, Table 5
shows the same cases as Table 4, but in the form of the product
Etn, which is called the averaging Young's modulus. The product Etn
evaluatedwith the present model is in a good agreement withmost
of the averaging Young's moduli found in the references chosen. A
few discrepancies between the Young's modulus results available in
the literature and the results of the current evaluation are due to
different modelling approaches (MD, CM, NCM), potential func-
tions, force fields constants, formulations for Young's modulus
determinations, etc.

Finally, a comparison between the experimental results re-
ported in the literature and those of the present study is shown in
Table 6. The Young's modulus evaluated is in satisfactory agreement
with the experimental results reported by Krishnan et al. [53], who
used thermal vibrations of SWCNT to estimate the Young's
modulus, and the results of Yu et al. [54] who used a direct tensile
loading test of SWCNT.

3.2.2. Effect of chiral indices and diameter on the Young's modulus
of SWCNTs

Finally, a study concerning the influence of the chiral indices on
the SWCNT Young's modulus was carried out. The Young's modulus
was calculated with Eq. (21). The evolution of the Young's modulus,
E, with chiral indices, for non-chiral and three families of chiral
SWCNTs studied, is shown in Fig. 9 (a). The Young's modulus of the



Fig. 8. Comparative study of the evolution of the Young's modulus of SWCNTs with the inverse of the wall thickness.
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SWCNTs with small chiral indices n,n þ m� 10 decreases with
increasing n, for non-chiral, and nþm, for chiral nanotubes; af-
terwards the Young's modulus tends to stabilize at the value of
about 1.1 TPa. In Fig. 9 (b), the results obtained for armchair and
Table 5
Comparative study of the averaging Young's modulus multiplied by the
thickness, Etn.

Reference Etn, TPa nm

Current work 0.369
Kudin et al. [9] 0.343
Yakobson et al. [10] 0.363
Zhang et al. [12] 0.362
Cheng et al. [13] 0.408
Liew et al. [14] 0.349
Hernandez et al. [15] 0.422
Zhou et al. [16] 0.377
Pantano et al. [18] 0.363
Kalamkarov et al. [20] 0.186
Sears and Batra [22] 0.338
Gupta and Batra [23] 0.328
Odegard et al. [26] 0.342
Meo and Rossi [30] 0.315
Giannopoulos et al. [31] 0.424
Mahmoudinezhad et al. [34] 0.289
Natsuki et al. [35] 0.207
Rafiee and Heidarhaei [36] 0.451
Parvaneh and Shariati [37] 0.399
Tserpes and Papanikos [28] 0.349
Papanikos et al. [38] 0.365
Avila and Lacerda [39] 0.342
Shokrieh and Rafiee [40] 0.344
Her and Liu [41] 0.315
Lu and Hu [42] 0.360
Mohammadpour and Awang [43] 0.299
Literature average 0.345
zigzag SWCNTs are compared with results available in the litera-
ture. For this purpose, literature Young's modulus results obtained
for wall thickness tn¼ 0.34 nm [38,41] and tn¼ 0.66 nm [33] were
chosen; also the work of Shen and Li [55] was considered, where
the Young's modulus was deduced independently of the wall
thickness. Fig. 9 (b) shows that the evolution of the Young's
modulus reported by Papanikos et al. [38] is similar to that in the
current work. The work of Her and Liu [41], where the equivalent
beam approach was used, gives values of the Young's modulus for
non-chiral SWCNTs, which are independent of the chiral indices in
the range of 10 � n � 34. The decrease of the Young's modulus
with increase of n, for small chiral indices, n¼ 3,4,5,6, was observed
by Ranjbartoreh and Wang [33]. Shen and Li [55] observed a
decrease of the Young's modulus of armchair SWCNTs, even for
n> 10, in a MD simulation study.

In order to clarify the trends shown in Fig. 9 (a), the Young's
modulus results were represented as a function of the nanotube
diameter in Fig. 10 (a). For all SWCNT configurations studied, the
evolution of the Young's modulus can be described by the same
trend: the Young's modulus decreases with increase of the nano-
tube diameter up to about Dn¼ 1 nm, then, with further increase in
Table 6
Comparison between Young's modulus of SWCNTs estimated by the present method
and experimental results in the available literature.

Reference E, TPa

Krishnan et al. [53] 1.3(�0.4/þ0.6) Average value of
SWCNTs with diameter
in the range of 1.0e1.5 nm

Yu et al. [54] 1.0 Average value for SWCNTs
Current work 1.078 Stabilized value for SWCNTs

(see Figs. 9 (a) and 10 (a))



Fig. 10. (a) Evolution of the calculated Young's modulus of the SWCNTs with the
nanotube diameter; (b) and (c) comparison of the calculated Young's modulus results
with those reported in the literature.

Fig. 9. (a) Evolution of the calculated Young's modulus of non-chiral and three families
of chiral SWCNTs as a function of n (for armchair and zigzag nanotubes) and nþm (for
chiral nanotubes); (b) comparison of the calculated Young's modulus results for
armchair and zigzag nanotubes with those reported in the literature.
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the nanotube diameter, the Young's modulus tends towards
approximately the same value whatever the type of nanotube.

The results available in the literature, for a nanotube wall
thickness of tn¼ 0.34 nm were selected for comparison. Fig. 10 (b)
plots the current Young's modulus results together with those from
the literature, showing comparable trends of the Young's modulus
evolution, i.e. the Young's modulus decreases for small SWCNT
diameters and then becomes almost constant with increasing
SWCNT diameter. Good agreement is observed with the results of
the work of Papanikos et al. [38], where the modelling approach is
similar to that of the current study. The same trendwas reported by
Zhang et al. [12] for armchair and zigzag nanotubes using MD
simulation, inwhich the Young's modulus value tends to 1.0 TPa for
armchair and 0.7 TPa for zigzag SWCNTs for diameters
Dn> 1.500 nm. The results obtained in the molecular dynamic
study of Shen and Li [55], and in the non-linear spring element
model of Parvaneh and Shariati [37] show that the Young's modulus
tends to 0.5 TPa for large nanotube diameters Dn � 3:000 nm.

Fig. 10 (c) also presents the current Young's modulus results
plotted together with literature results. The literature results show
a Young's modulus evolution that is almost constant over thewhole
range of nanotube diameters [56], although in same cases the
Young's modulus increases slightly for small nanotube diameters
[36,39,42].
Concerning the effect of SWCNT chirality on the Young's
modulus, some authors reported similar values for armchair and
zigzag SWCNTs [36,42,55]. In our study, and in agreement with
results from the literature [38,56], the difference between the
Young's modulus of armchair, zigzag and chiral SWCNTs, is also
insignificant (see Figs. 9 and 10). A small difference between the
Young's modulus for armchair and zigzag SWCNTs is reported by
Zhang et al. [12], and for the three SWCNTs configurations by Avila
and Lacerda [39] and Lu and Hu [42].
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4. Conclusions

An equivalent beam approach has been used in order to carry
out a systematic evaluation of the tensile and bending rigidities,
and subsequently, Young's modulus of various SWCNT structures,
namely non-chiral and families of chiral single-walled nanotubes
over a wide range of chiral indices, nanotube lengths and di-
ameters. The main conclusions of this comprehensive study are as
follows:

▪ The evolution of the tensile rigidity, EA, as a function of the
diameter, Dn, can be unified, for the SWCNTs studied; the same
can be done for the bending rigidity, EI. Also, taking into
consideration a given value of the wall thickness, the Young's
modulus is about the same, whatever the chirality of the
nanotube.

▪ An equation to correlate the tensile and bending rigidities of
non-chiral and chiral SWCNTs with the nanotube diameter has
been proposed. The accuracy of this relationship was tested
using results available in the literature. A single equation is valid
for armchair, zigzag and chiral SWCNTs, which allows easy
evaluation of the Young's modulus.

▪ The Young's modulus values are proportional to the inverse of
the wall thickness, for SWCNT diameters Dna1:085 nm. For the
case of small SWCNT diameters, deviation from this quasi-linear
trend is observed, when the nanotube wall thickness is greater
than a half of the nanotube diameter, tna1=2Dn. The quasi-
linear trend of the Young's modulus as a function of the in-
verse of the wall thickness is in good agreement with the results
of Young's modulus published by other authors.
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